Parity-time (PT) symmetry has been opening exciting opportunities in optics
(ATR) [9] - [10] , broken phase regimes and exceptional points (EPs) [11] [12] [13] [14] [15] . These novel phenomena have been discovered within the context of parity-time (PT) symmetry [16] , a special type of symmetry that satisfies inversion upon space and time, stemming from pioneering works in theoretical quantum physics [17] [18] [19] . PT-symmetry has been later fruitfully applied to classical settings [15] , from photonics [4] , electronics [20] - [21] , plasmonics [22] - [23] , acoustics [24] and metamaterials [25] [26] [27] .
PT-symmetric systems in classical wave physics commonly require the presence of gain.
In optics, for example, PT-symmetry implies that the complex refractive index satisfies = * − , which results in a balanced gain-loss profile Im − = −Im . This requirement has hindered several possibilities to implement and verify these concepts in practical devices, mainly because it is challenging to implement large gain in photonics, and because active systems are inherently prone to instabilities [28] [29] [30] [31] . In an attempt to overcome these issues, it has been argued that PT-symmetry can be somewhat mimicked in a lossy system with unbalanced distributions of absorbing elements, by offsetting an average amount of loss [32]- [34] .
Consider for instance the case of two optical modes with the same resonance frequency * , different decay rates * + and * − , * > > 0 , and a real coupling coefficient . The dynamics of the coupled system are described by |Ψ = * |Ψ , |Ψ = 8 9 , , which respects PTsymmetry with parity operator P = 0 1 1 0 and time-reversal operator T being the complex conjugation. In this framework, the eigenvalue spectra ± FG = * ± ? − ? sustain a broken phase regime typical of PT-symmetric systems as γ crosses the EP at NF = . This tool has been introduced as a useful path to verify some of the properties of PT-symmetry in passive systems [35] , but it implies global attenuation and it requires postprocessing to actually observe the desired scattering phenomena. More complex PT-symmetric responses, such as ATRs or laser-absorber pairs, are not available in this framework simply because of passivity and power conservation.
In a different context, our group has recently introduced the concept of virtual absorption [36] [37] [38] , based on which it is possible to mimic absorption in a system without loss by exciting it with non-monochromatic waves. The idea is to excite a resonant structure with a wave oscillating at a complex frequency, aligned with a scattering zero positioned in the complex frequency plane.
We showed theoretically and experimentally that engaging these complex zeros enables efficient trapping of energy during the transient excitation and, when combined with nonlinearities, can also provide a powerful tool for storage and release beyond the time-bandwidth limit [39] . Here, we extend this concept to virtual gain. By then pairing virtual gain and loss in a balanced way, we can realize virtual PT-symmetry and demonstrate broken phase transitions, ATR, and laser-absorber pairs in an inherently passive and stable material platform.
Virtual gain -Virtual absorption can be obtained by exciting a lossless system with a signal that grows in time [36] [37] [38] . In a dual way, virtual gain can be achieved by exciting a passive system with a decaying signal, oscillating at a complex frequency with positive imaginary part. A?bDR? bAB C W/d e , where * is the characteristic impedance and g the phase velocity. In the monochromatic regime ( = 0), the signal decays along the line at a rate dictated by the TL loss [ Fig. 1(a) ]. However, if the decay rate of our signal is equal to the uniform loss * , the power flow does not depend on the position at any instant in time. Similarly, when the decay rate of the excitation is larger than the uniform loss * , the power flow , actually grows along the propagation direction, up to the signal precursor, mimicking gain at any instant in time.
Virtual PT symmetry-Next, we load the TL fed by a complex frequency signal with a pair of 
where the input vector | R = 
where ? is the 2×2 identity matrix, and the PT-symmetric Hamiltonian * FG derived above determines the internal dynamics.
The overall temporal response is determined by the interplay between the transient process, related to the initial state |Ψ 0 , and the quasi-stationary process determined by the scattering matrix . The entire dynamics can be revealed solving Eq. (2): the outgoing waves
where the eigenvalues of the matrix wxx * = * + Γ represent the decay rates of the transient process. The quasi-stationary response is governed by the first term in the right-hand side of Eq.
(4), whereas the role of the transient process is described by the second term, associated with the initial state |Ψ 0 of the system and the initial amplitude | R * of the impinging waves. In order to enable virtual PT-symmetry, we carefully control the synergy between these two processes, enabling the implementation of virtual gain and loss for the complex-frequency signals.
Virtual phase transition -We implement these ideas in a practically viable implementation using the electronic circuit shown in Fig. 2(a) . Our circuit is composed of two coupled parallel RLC circuits with differential conductance 8 and 9 . Their coupling is controlled by the capacitance T |} [43] . The pair of resonators is capacitively coupled via X . As a first goal, we show how the system undergoes a phase transition as the Hermiticity parameter G of the system is increased.
By exciting the system around the complex frequency X = + * with ω ∼ * and * ≡ * / * → 0, and under the assumption of weak coupling, i.e., assuming that the coupling strengths = 
We can also write the incoming/outgoing voltage : ± at node α = L, R in terms of the input/output in Eq. 
Virtual ATR -Next, we demonstrate ATR in our virtual PT-symmetric system. In the quasistationary process, an ATR is obtained when the reflectance of the impinging wave from one port is zero, vv ? = 0 at ω = FG = * 1 + ∈ ℜ, which yields
when we apply Eq. (3) 
corresponding to the fastest possible transient decay for given ?? . This quantity monotonically decreases with ?? , hence to see a larger reflection contrast between the two ports we need a larger contribution from the transient process. We numerically demonstrate a virtual ATR with ?? = 1, for which D•'' " = 4 * , reasonably larger than the decay rate * of the excitation. In Fig.   3 , we show the results of time-domain scattering simulations in the optimized system, for * = 2 ×50MHz, = 10nH and * = 0.01, yielding * = * / ≈ 52Ω, where ≈ 6 * since we have = 8 + , = 2 8 , 8 ≈ 2 * . The initial voltage and current across capacitor and inductor in each resonator are set to zero, i.e., the system is initially at rest. In Fig. 3(a) , at 0 t = we send an input signal (red curve) from the left port and measure the (normalized) reflected signal Fig. 3(b) ]: the reflected voltage decays first due to the same transient process, but then picks up energy, and in the quasi-stationary state follows the excitation, ?? = 1. As expected, the transmitted signal follows the same trend as in Fig. 2(a) due to reciprocity. During the quasistationary state, at any instant in time the total time-averaged power flowing out of the system is twice the incident one in this scenario, see inset in Fig. 3(b) , mimicking gain at the input port, consistent with the operation of a PT-symmetric system at the ATR point. Remarkably, we achieve this phenomenon in a purely passive system, in which the role of virtual gain is enabled by the reactive energy stored at earlier times in the system, and the suitable excitation with complex frequencies.
Virtual absorber-laser -Another landmark feature of PT-symmetric systems is the realization of an absorber-laser: for a specific value of Hermitcity parameter, the eigenvalues converge to support a pole and a zero at the same frequency. Here, we show a virtual absorber-laser implemented in a fully passive circuit. We require that the quasi-stationary scattering matrix in Eq. (3) 
In Fig. 4 , we study the operation of the virtual CPA-laser around the threshold DŸ , i.e., = DŸ 1 − B , in order to observe the absorber-laser pair as we cross the threshold. Interestingly, in contrast to conventional PT-symmetric CPA-laser, our system, being inherently passive, allows exploring also regimes beyond the threshold DŸ without incurring into instabilities. Fixing = = * , passivity 8/9 ≥ 0 determines B ≥ 1 − 2 , which crosses the threshold value at B = 0.
In the figure, we choose * = 2 ×50MHz, = 10nH, * = B = 0.01.
In Fig. 4(a) , we excite the structure with the CPA eigenvector at the two ports. Before = 0 the system is excited at the real frequency FG (red and blue Conclusions -In this Letter, we have shown that non-monochromatic excitations engaging complex zeros and poles of a passive system can realize virtual PT-symmetry. We have demonstrated transitions from real to broken phases, ATR and CPA-laser operations in a realistic circuit configuration without the need for active elements, ensuring passivity and stability, enabling even to explore operations beyond the lasing threshold. We believe that our results may inspire the implementation and realization of PT-symmetric and non-Hermitian physics in a variety of passive photonic, phononic and electronic systems, enabling an interesting playground for classical and quantum optical phenomena without the need of stringent requirements on gain. 2π×50MHz, L = 10nH, so that the other elements in the circuit are determined as in Fig. 3 . In the insets, we show the overall output power Θ versus δ°, confirming lasing/anti-lasing after = 0.
The result in the main panels is indicated as a red dot.
